A new-type axisymmetric magnetohydrodynamic (MHD) equilibrium of toroidally flowing plasma, which cannot be found in the framework of the ideal MHD, emerges due to the Hall and toroidal effects. If either of the effects is neglected, only conventional MHD-type equilibrium is obtained. Numerical solutions of both types are calculated in toroidal geometries to simulate the equilibrium states in the Ring Trap-1 device constructed in the University of Tokyo. The numerical analysis shows that when the toroidal flow is increased, the plasma shifts inward in the new-type equilibrium, while the outward shift occurs due to the centrifugal effect in the MHD type.
I. INTRODUCTION
The Ring Trap-1 (RT-1) device [1] is a toroidal system equipped with a levitated internal ring creating a magnetosphere-like configuration. This system can produce a variety of magnetic structures via using external coils, e.g., a vertical field coil. Such configurations have been applied to the fundamental research of non-neutral plasma physics, such as the verification of stable confinement [2] and the driving of a high-speed toroidal flow [3] . Also, the system can be used to study the confinement of high-beta plasma by a planet's dipole field, as is observed in Jupiter's magnetosphere [4] , which is being investigated in the Levitated Dipole eXperiment (LDX) project [5] .
The experiment in the RT-1 device mainly concerns the phenomena induced by plasma flows. Especially, it aims to examine the theory of self-organized states of flowing plasmas [6, 7] , which is called "double Beltrami equilibrium" that predicts that the dynamical pressure of the flow balances the thermal pressure, yielding a high-beta plasma. Also, the theory indicates that the coupling of the flow with the Hall effect leads to equilibrium structures far richer than the ideal magnetohydrodynamic (MHD) ones, and in the RT-1, the plasma parameters are selected such that the Hall effect becomes prominent (see Sec.IV). However, the equilibria including the flow and the Hall effect have been analytically studied only in relatively simple geometries, such as cylindrical [6] or slab geometry [8] .
In this paper, we investigate the coupling of the flow with the Hall effect in "toroidal" geometry. Since in the RT-1 device it is planned to drive a high-speed toroidal flow in the order of the Alfvén speed, we analyze the axisymmetric MHD equilibrium with pure toroidal flows. It turns out that the coexistence of the Hall effect and toroidicity produces a new-type equilibrium whose profile is drastically different from that of the ideal MHD type. Important issues to be addressed here are the significantly different profiles of the toroidal flow and density between two types of equilibria, implying that the stability and confinement properties are totally different.
To analyze the equilibria in the RT-1 device, we calculate numerical solutions to the generalized Grad-Shafranov (GS) equations of both types in toroidal geometries. In the MHD-type equilibrium, as the volume-averaged toroidal flow increases, the peaks of the density and local beta value shift outward. In contrast, in the new-type equilibrium, the increased flow shifts the peaks inward.
We shortly review the related theories. It has been shown in Ref. [9] that the ideal axisymmetric MHD equilibrium including toroidal flow in a toroidal geometry is described by the generalized GS equation, which is a regular elliptic partial differential equation, and that numerical solutions can be obtained. Also, assuming that the solutions are in separable forms, the analytic solutions including toroidal flows in dipolar magnetic configurations have been obtained in Ref. [10, 11] for the analysis of equilibria in the LDX. However, all of these solutions do not take into account the coupling with the Hall effect. This paper is organized as follows. In Sec. II, axisymmetric Hall MHD equilibria with toroidal flows are introduced, and the significance of the toroidal effect is examined. In Sec. III, it is shown that a new type of equilibrium emerges due to the Hall effect, and that the MHD-type equilibrium also exists. Numerical analysis of two types of equilibria, which are applied to the RT-1 device, is described in Sec. IV. Section V summarizes the results.
II. BASIC EQUATIONS A. Hall MHD equilibrium
Let us consider the Hall MHD equilibrium. The governing equations are
where n, B, V , and p are the number density, the magnetic field, the flow velocity, and the pressure, respectively. We have normalized the length by the system size We consider an axisymmetric toroidal geometry, then (4) indicates
where ψ (B φ ) is the poloidal flux (toroidal component) of the magnetic field, and R-φ-Z are the standard cylindrical coordinates. The assumption of pure toroidal flow leads to
where V φ is the toroidal component of the flow velocity. Equation (1) is automatically satisfied. Substituting (5) and (6) into (2) yields
where
Z u is the GS operator, and {P,
is the Poisson bracket. From toroidal component of (7), we get the first surface quantity,
Then (3) and (7) reduce to
− nV
respectively, where ω(ψ) is the second surface quantity, and the prime indicates the derivative with respect to ψ. The flow effect [the left-hand side of (10)] emerges due to the toroidicity, as we shall see in the next subsection. The force balance equation (10) shows that the flow and the magnetic field are coupled, and that the equilibrium deviates from the static force balance between the Lorentz force and the pressure gradient.
C. Hall MHD equilibrium in a straight cylinder
To show the importance of the toroidicity, we briefly describe the equilibrium in a straight cylinder, which represents a toroidal geometry with large aspect ratio. Then (4) yields Substitution of the above expressions into (2) yields
y is the Laplacian. Equation (11) says that the flow velocity and the magnetic field are totally decoupled [cf. (10)], and that the magnetic field is determined by the poloidal flux of current density and the pressure as in the case of static equilibrium,
identical to the static one, where the prime denotes the derivative with respect to ψ.
The toroidal flow is determined from (3) as V z = Ω(ψ) + εp /n, where Ω(ψ) is a surface quantity. Since the toroidal flow of the ideal MHD equilibrium in a straight cylinder is written as V z = Ω(ψ) [12] , the term with coefficient ε is a modification to the ideal MHD flow. Therefore, we conclude that in a straight cylinder, the Hall effect plays a minor role of slightly modifying the ideal MHD flow, and that the toroidicity is indispensable for the significant action of Hall effect.
III. TWO TYPES OF EQUILIBRIA PRODUCED BY THE HALL EFFECT
Using (9), we eliminate −R −2 (∆ * ψ + II )∇ψ term in (10) , and obtain the force balance equation of the ion fluid,
Note that the left-hand side of (12) emerges due to the Hall effect and the toroidicity. The toroidal flow V φ , the pressure p, and the density n should satisfy (12) and the equation of state.
We assume that profiles of the pressure and toroidal flow are in the following forms,
where α = 0 is an undetermined real number, and f (ψ) is an undermined surface quantity.
Substituting (13) into (12) yields
∂p ∂R = nR
As is mentioned in Sec. II, we need the equation of state to close the system. In this paper, we assume the isothermal magnetic surfaces, i.e.,
where T is the temperature that is constant on each magnetic surface due to the high thermal conductivity along magnetic field lines. Then, equation (15) can be integrated as
Then (14) reads
Since the first three terms of the left-hand side of (18) depend on only ψ, we need to restrict the surface quantities ω(ψ), T (ψ), and n 0 (ψ) and the unknown α and f (ψ) such as
where C 1 and C 2 are some constants. In the remainder of this section, we investigate (19)-(21) to show that there exist two types of equilibria.
A. MHD-type equilibrium
Firstly, we consider the case with C 2 = 0, which turns out to give MHD-type equilibrium that satisfies the ideal MHD model. In this case, from (20) and (21), we get −R
and 2f − f T /T = 0, which yields α = 1, C 1 = −1, and f (ψ) = C 3 T (ψ), where C 3 is the integration constant.
From (13) , the flow is written as
which is similar to the rigid rotation with angular frequency C 3 T (ψ) that is a surface
. From (17), the density is calculated as
Using (9) and (19), we can derive the generalized GS equation as follows,
We can see that the toroidal flow (22), the density (23), and the generalized GS equation (24) derived in this subsection are modified versions of the ideal MHD equilibrium (see Ref. [9] for the ideal MHD case).
B. New-type equilibrium
We move to the case with C 2 = 0, and show that a new-type equilibrium exists. Equation From (13), the flow reads
which is in inverse proportional to R, in contrast to the MHD type whose flow is proportional to R [see (22)]. The density derived from (17) reads
The generalized GS equation of the new-type equilibrium is derived from (9) and (19) as
which is totally different from the counterpart of the MHD type [cf. (24)]. This type of equilibrium does not satisfy the ideal MHD, thus is not derivable from the MHD model.
Note that this new-type equilibrium appears due to the coupling of the flow with the Hall and toroidal effects.
IV. NUMERICAL ANALYSIS OF TWO TYPES OF EQUILIBRIA
A. Setting of the problem : application to the RT-1 device
The generalized GS equations of two types of equilibria derived in the previous section
[ (24) and (27)] are numerically solved as boundary value problems to simulate the equilibria in the RT-1 device. In this paper, we confine our attention to how the flow affects the equilibrium configurations.
We set the calculation system as follows. (cut-off density generated by 8.2 GHz Klystron). The expected temperature is not known, and we assume T ∼ 100eV. Table I shows the parameters for the RT-1 device, implying that the Hall effect becomes prominent in this system.
We set the surface quantities as follows
where α I , α T , and α n are some constants (α T and α n should be positive). Since the magnetic configuration is almost dipolar in the RT-1 device, |α I | 1 is required. The second and third equations of (28) imply that the temperature is high and the density without flow is large near the levitated ring where ψ is large. We define the volume-averaged value of a quantity
Adv, where V is the plasma volume, and dv is the volume increment. In the present calculation, for simplicity, we fix the volume-averaged toroidal magnetic field as In what follows, varying V φ in the range 0 ≤ V φ ≤ 0.08 (in this range, the reasonable solution of the MHD-type equilibrium exists), we observe the behavior of the solutions.
B. Numerical solutions of the MHD-type equilibrium
We analyze the MHD-type equilibrium by solving (24) for various V φ . The contour of the flux function ψ is shown in Fig. 2 (for V φ = 0.06), which indicates the dipolar magnetic field that is a typical configuration obtained in the present calculation. From Fig. 3 , we observe that the peak of the density (resultantly, the local beta value) shifts outward as V φ increases. The shifts are attributed to the effect of centrifugal force, as is shown in (22) and (23). The maximum of the local beta value is almost 3% for various V φ .
If we increase V φ further, the density peak hits the wall, and we cannot obtain feasible equilibrium solutions.
C. Numerical solutions of the new-type equilibrium
The solutions of the new type, obtained by solving (27), have similar magnetic surfaces to those of the MHD type (see Fig. 2 ). However, as is clear from (25) and (26), the profiles of the toroidal flow and the density are totally different from those of the MHD type, which brings about qualitatively different behavior of the solution.
In Fig. 4 , we show the profiles of the density and the local beta value in the equatorial plane for the same volume-averaged toroidal flows with the MHD type. Figure 4 indicates that both peaks slightly shift inward as V φ increases, which is in contrast to the MHD type. The plasma inside the levitated ring in the top panel of Fig. 4 stems from the hollow distribution enclosing the levitated ring, as is shown in Fig. 5 (for V φ = 0.08). The numerical analysis shows that in the new-type equilibrium, the density (and the beta value) localizes in a narrower region, the beta value has a larger amplitude (about 10%), and the shifts due to the flow effect are smaller compared with the MHD-type solutions.
V. SUMMARY
We have shown that the axisymmetric MHD equilibrium with toroidal flow has a new-type equilibrium produced due to the coexistence of the Hall effect and toroidicity. The density and flow profiles of this new-type equilibrium are significantly different from those of the conventional MHD type, thus, it is expected that the stability and confinement properties are qualitatively different.
The generalized GS equations of both types have been numerically solved in toroidal geometries to simulate the equilibria in the RT-1 device. As volume-averaged toroidal flow increases, the peaks of the density and local beta of the MHD-type shift outward, which is attributed to the centrifugal effect induced by the flow similar to the rigid rotation [cf. (22)].
To the contrary, the peaks of the density and local beta of the new-type equilibrium shift inward as the toroidal flow is increased. This contrary behavior may stem from the fact that the flow profile, which is proportional to R In the new-type equilibrium, the density and the beta value localize in a narrower region, the maximum of the local beta reaches a higher value ∼ 10%, and the shifts due to the flow effect are smaller than the MHD type (see Figs. 3 and 4) .
We end this paper by making two remarks. First, we note that the equilibria obtained in this paper have no poloidal flow, which makes the analysis mathematically tractable. In the presence of poloidal flow, the problems of the hyperbolicity [13] may occur, which indicates that the equilibrium cannot be obtained as a boundary value problem. Thus obtaining equilibria with poloidal flows is a very tough problem. Secondly, we note that the theory presented in this paper does not clarify which type of equilibrium is experimentally realized, and what is the condition to achieve it, which are beyond the scope of the present study. To resolve these problems, the stability analysis should be invoked, which is a very challenging problem because of the existence of flow and the two dimensionality, and will be reported elsewhere. 
where n is the iteration step. The numerical solution ψ n+1 is obtained when
where is a sufficiently small number. We rewrite the above equation in the form of integral equation as
where the inverse operator (−∆ *
can be calculated by
Here G(R, Z, R , Z ) denotes the Green function, and K(κ) [E(κ)] is the complete elliptic integral of the first (second) kind. Note that F n (R , Z )/R indicates the toroidal current density. At the beginning of iteration, we drive uniform toroidal current in the plasma region
The Dirichlet boundary condition is treated as follows. We allocate many points representing the external current I The plasma exists in the shaded region.
